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I. INTRODUCTION 
- • - • -

The class of free electron lasers (FELs) in which a pump field is scattered from a relativis-
- • : -  - •

~~~~~~~~~~~~~~~~~~
• • •

~~~~~~~~ 
. - I - .

. • - • -
~~~~~~ 

• - -

tic electron beam is of great interest as a potential high-power, tunable source of coherent Mdi-

ation , partiàularly in the infrared , visible and ultra-violet spectral regions. The concept involves

the stimulated backscatter of a pum~p wave from a relativistic electron beam. The pump wave

may be either an electromagnetic wave or a static periodic electric or magnetic field. For a stat-

IC PCt pump wave, the backscattered . radjation fteq~ency from a relativistic electron -beam

is w ~~.(I+$2 ) Lck..~~ .2,,~c.k01 where .c~~ — v~1 is 4 --th~ a,~iaI drifting beam velocity,,

— ~~
_

~ 22)~~
I/2 k—2 i ’/ l . n d  ~~~ the period . of..the 1 um171 wave. The modulated source

currents for the . coherei~t - scattered , radiation are , generated by axial bunching of the electron 
•

beam at the radiation wavelength , through coupling at the acatlered waves and the pump field . • 

I

The qiechanasm responsible fo~ .thi~, axial bunching; is the ponderornosi.ve force acting on the

electrons in the cqrnbined. fields.of the pump gn4 radiation waves.

Analysis and design considerations pert~ining to the single particle scattering process have

been csrrie~ out ,~ both cIusicalIy~~
4 and quanturn-mechanically ’.’5 ’7 When the electron beam

• is sufficiently micnse, collective effects become important and indeed may dominate the pro-

ceu. Linear analysis of ~hC~ FEL have been ’ performed including oHective elIects,°’ ”2”4 ’ $ 2 4

and scattering eMciencies have been derived for various FEL scattering regimes.3 5”2’ (4 .22

• :. ‘~~~~ !
• • . . • • • •, ~ —t -

Manu,cri~ submilled 26 June 1Q79.
- • ~~~~~~~~~~~~~ 4
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SPRANGLE AND SMITH

Free electron laser experiments with pulsed intense relativistic electron beams have been

conducted at a number of Iaborstorics. ~~ ’° Submil limeter radiation at MW power levels were

generated with electron beams of energies up to a few MeV and currents in the multi kA rang e.

In these experiments collective effects play a dominant role in the scattering mechanism be- V

cause of the high beam currents.

In another class of FEL experiments at Stanford University,31’32 relatively low current ,

high energy beams were employed (Io—.2A , 24MeV < 4 < 43MeV) . In these tenuous beam

experiments collective effects are negligible and single-particle scattering physics apply. Operat-

ing in the oscillator mode,32 peak powers of —7kW at 3.4 ,.im were generated with an efficiency

of — 0.0l% .

In this paper we present a general analysi s of the FEL process utilizing a right hand ed cir-

cularly polarized, spatially per iodic magnetic pump. A schemati c of the FEL configuration is
- shown in Fig. (1). The analysis is fully relativistic and performed explicitly in the laboratory

frame. . Our .formulat ion shows that depending on the beam and pump parameters, several dis-

tinct interaction processes can be distinguished. Our results are applicable to both the tenuous

and intense beam type experiments. Growth rates (or gains) together with saturation

efficiencies are derived for the various FEL regimes. A condition for the - neglect of collective

effects for the low gain FEL process is derived. Scaling laws for the growth rates and

efficiencies at a fixed outp ut frequency, as a function of the pump amplitude are given. The de-

trimental effect of axial velocity shear on the beam due to self fields Is discussed and various

methods of reducing this shear are suggested. In addition, an 111u3*satlon of a far infrared two-

stage FEL using a 3 MeV electron beam is presented. Here the output radiation wavelength is

decreased approximately by the factor I y compared to the pump wavelength instead of the

factor2 y 2 for a single stage FEL.

~~-~~~~~~~~
‘- 

~~~~~~~~
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ •~- -‘ - •.s .~~~~ .
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II. DERIVATION OF GENERAL FEL DISPERSION RELATION

The pump is chosen to be a right handed circularly polarized magnetic field given for z) ’

Oby , :-~~~~
- - - • .~~~• - - -

- B4 — B,,(ê~cos (k~1z)  + ê~sin(k0z) ) ,  • (1)

where 8~ is constant and k , — 2w/I, see Fig. (I) . The representation of the pump field in (I)

is a good approximation near the axis of an appropriate coil winding. The vector potential asso-

ciated with B~, is A1, — —B1,/k0. For particles in the field given by (1), the canonical momenta

in the x and y directions as well as the total momentum are constants of the motion and are

given respectively by

- ~~~~~~~~~~~~~~~~~~~~~ (2a)

$(p~. z) — — I~i. A,~,(z), (2b)

u(p) — Ipt. (2c)

where p is the momentum.

We assume that the interaction between the relativistic electron beam and the pump field

has reached the temporal steady state so that the radiation fields are proportional to exp(—I.t)

where w is the frequency of radiation. The radiation and space charge fields are given by

E (z, 1) —  ê~ + ~tA (x) (~. + c.c.

B( z, ,) — — ‘
~~~ 

~~~~~ 
(I , + ~~,)e~~ wI + c.c. (3a ,b)

- -* 4 , g e S_ . 1  - ..S. —
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Pz — P:(a, ft. u, z) (u 2 — Px2 — p))’12.

- 
p~~~ p~(a, z ) — a + 1~~~A0~(z) ,  

- -

- y — y( u) — (1 + u2/ (m ,2c2) ) ”2 .- (7a-f)

The general solution of Eq. (5) is

~ (I) — g(fl 
~~~~~~~~~ + c.c.,

where - ,

— g
(D (a, f t .  U. z)  — tf r’M(a . f t .  u, z, z’) R(a, ft. u, z ’) , (8)

M(a. ft. u, z, z ’) —
v~

(a, ft. is, z)

and

ft. u, z, z ’) — fZ
z v,(a. ft. u, z )

The beam has been taken to be unperturbed at z — —
~~~~ , i.e., j(D (a , ft. u, —co) — 0.

Rearranging Eq. (8), the Fourier transform of the perturbed part of the distribution func-

tion becomes

j~9(a , ft. u. z)  I&(a.ft.u.z) (.
~ 

+ + O1(a , ft. u, z) ~~~}:
(0) ( a. ft. u), (9)

S 



—
~~
--

~~~~~~~~~ ~~~ v—~
_
~~

•
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where - - ;
~~

. — ‘ -  - • -
~ 

- - -

— .If.L. f L~ dz’M(a f t  u. z z ’) — v~(a, f t u z’) 

~
-j A(z ’)

(lOt) -•

A — 1 j’
~, 

dz’ M(a, f t . u, z. z)  (k~.p_(a . f t.  z’) A (z ’)

—cp~(a. ft. u, z’) .~.i!2~J . 
- - 

(l Ob)

In Eq. (lOa) we have integrated by part s, using the fact that the radiation field vanishes at

z — —oo• The expression for 1’° in Eq. (9) determines the first order perturbation of the elec-

tron distribution function due to scattered fields with arbitrary axial spatial - dependence, is

correct to all orders in the pump field amplitude , and contains thermal effects in g~.

The perturbed current density ihich’ drives the scattered fields is given by

J (z, 0 — (J+(z) ê.,. + J~(z) ê~) e~~’+ c.c. (II)

where

— ::j;~.L r du i: d(x Ji: 
~~ ~~~~~~~~~~~~~~~~

‘ 

u z) I ~(u) p :(a .$. u. z) ’  (12)

where p~(a. ft. z) — Px — — a — 1$ — (le t BJck~) ezp(—!k,,z), and ~+ ~ (~ g + ~,)/2.

To evaluate the current density in (12), we take

g~°~(a ft. IS) — n,8(a) 8(ft) g (u) ,  (13)

_ _ _ _ _ _ _ _ _  

6
-~~~ —-- -—-- --  —-——-- --•--~ - ~~—•-- -- -• - -- -- -~~ 
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where n4. is the unperturbed beam density, assumed to be uniform in space, and g0(u) is arbi-

trary but subject to the normalization condition du g0(u)  u/ u i — 1. The delta functions for

a and ft arise from assuming that the equilibr ium transverse momentum is due solely to the

pump fie ld, i.e., that transverse thermal effects can be neglected. Using the distribution func-

tion (13), we find , after some lengthy algebra, that the Fourier coefficients of the current densi-

ties given in (12) are

i+(z) _ —-~
_’f du —~-- (1 —~~ -) A (z)

4ii 0 

~yu~c 2

• 

± e?*(~ f2 dzl{ ~~~~ - e~~ ’/ ~z + ~~~~ A ( z ) e
_ 2) J -

~~1 
g0, (14a)

• J:(z) — m,, du e”~~ f0 dz ’{ 
b~~~’) e~~

Z
~~ + ~~~~ A (z ’) bg0/ bu, (14b)

where cu fr — (4irn ,, ) e l 2/ m,,)~
2, $~ 

— $,1(u) — Q,,/ (y (u) v2 (u) k 4) , a ,, — 1e180/m0c,

*(z) — (wfv (u)  — k ,,)z , U. — u.(u) — p~(a 0. ft — 0. u, z) — (u 2 — m,~fl~/k,~
)112, and

v. — u./ ( ’-,’(u) m 0). The limits of integration over z’are from 0 to z and not from —
~~~~ to z, be-

cause the amplitude of the various fields , i.e., A,,, 3 and A, are assumed to build up from zero

at z — —co to their initial values at z - 0 in a distance which is small compared to

(k~ + k,, — w/ v.) ~~, where k~ is the wavenumbe r associated with A (z) .  The limits of integra-

tion over z ’ can therefore be changed from (*Do, z)  to (0, z) without loss of accuracy. Because

the characteristic length (k + ‘
*~ w/v.Y ’ is much longer than the wavelength of the pump

field , this situation is necessarily satisfied in any experimental configuration. The driving

current density in Eqs (14) contain: (i) the ponderomotive potential manifested in the term

$AA (z) ;  (ii) collective effects from the scaler potential; (iii) arbitrary axial variation - of the

7

— • -—.—— -~--- --- _ _ . _ ~~~___ •___4____ -• -4-~ _ __ •_~~4~~~~~~~~~
_ 

-4,
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excited fields 4, and A; (iv) ballistic terms propagating from the boundary at z — 0 associated • -

with the lower limit on the z’ integral; and (v) arbitrary thermal nature of the beam manifested

in g0(u) .
V

The analysis is closed by taking the perturbed current density of Eqs. (14) to be the

source current in the wave equations for A and 4,:

82 ~ 2 -

+ —j - 4 (z)  — — 4 (z) ;  (ISa)
8: C C

83(z) 
— .~1L J ~(z). (15b)

8: a,

A number of different scattering regimes can be distinguished using the general form for the

driving currents expressed in Eqs. (14). We shall discuss in detail those regimes which appear

to be important for the development of efficient , high-power FEL’s.

III. LOW GAIN LIMIT

The first case we consider is the low gain or short cavity regime, where collective effects

do not play a dominant role and the electromagnetic wave is nearly of constant amplitude. By

low gain limit we mean that the total integrated gain of the radiation field is much less than un-

ity. This limit corresponds to the parameter regime of the experiments carried out at Stanford

University 31 32 with highly relativistic (~~48 MeV), low current (~~ 2.44) beams. Neglecting

collective effects implies that 3(z) << A (z) <f t j >; the condition on the beam density for this

inequality to be satisfied is given below. Taking the electromagnetic field to be of the form

A (z) — A (0) e’-~~~~ ”~ (16)

where IIm(k+)l << Re(k +) and expL dz’Im(k +(z ’)) ~ 1. With this representation , together

with (14a) and (I Sa ) , the dispersion relation takes the form

_ _  

8 
~~~~~~~~~~~~~~~~~~~~ • ~~~‘ _s .s~ -. ~~ _ S&._ _ _ _  

~~~~~~~~~~~ ~~ -&4StS 4 & -_ •  8.4 4
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~~~~~~ 
— w2/c 2 + 2k 0~ 8 k (z)  - •

- _a,2 ~ - m - (1 i(4b/ .% —(k O+ +k O)~z
)  

-

— 
~~~~~~~~ 

f  du —a-- (1+~?/2) ~~~~~~~~ w—v ~(k o+ +k o) 
-

~~

— g0(u). (17)

‘ where k÷(z) — k 0~ + 8k(z) , 8k 1 << ku,. and k 0~ —~=2 y~ck0 real and constant. Solving for

the imaginary part of 8k(z) we obtain

cu~/ c 2 
~~~~~ 

m(, 
2 

sin(u/ v2 — (k 0÷+k o))z ôg~lm(8k(z)) — — 

2k 01. ~ 
du j _ 131w cv/ v 2 — ( k o +k~)  ~~~~~~~~~ 

(18)

The total integrated gain in the wave amplitude over the interaction region of length L is

defined as GL — — lm (8k(z ’)) d z ’. It is straightforward to show that if the thermal energy

spread of the beam, E,,,, is such that

- ‘ ‘E rnIEo << ‘z2o AlL , - - (19)

the beam can be considered to be mono-energetic in Eq. (18). In the above inequality

— (io I) m0c2 
~0m0c2 is the total kinetic energy of each beam particle,

Y o  — (I — 4/ c 2)~~
2 and A — 2irfk o+ is the wavelengt h of the radiation field. For future use

we note that E,,, — yoy 3o m0 ~‘:0 ~ where V,,, is the beam thermal velocity . Assuming (19) to

be satisfied we can use the distribution function g 0 (u) — (u ./u) 6 (u—u o) and find that GL is

W b/ C 2 2 sin (k o++k o—w/ v..) L/ 2 2
— 

8k m,,wL ,j0 duft~ k 04+k 0 —w / ~~L/ 2 8u

$~ (k 0 L) 3 ...LI
Z~ 

<< 1 (20)

where ~ — w5/ (..J~~c k0) , 
~~, 

— y(u0) , )‘:O V: (u o) , ft oj — ftj(u~~), 6o — (WI”:0 — kr,+ kø)LI2,

and u0 is the magnitude of the total particle momentum. The function b(sin#~ 9~)�/~90 has a

max imum value of 0.54 when O~— —1.3 , hence , the maximum total gain is

9 
_ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • - -~ ~~~~~~~~~~ -~~~~‘~~~ j ~~~, t..1~~
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(~~/4)2ft~~ .(k0
L)3 (21)

and is much less than unity. Using Eq. (lSb) in conjunction with Eq. (14b) we find that the

condition for neglecting collective effects , i.e., 3(z) << A (z) <ft.~> , can be written as 
•

W~ Ia ’~ (1—e “ ) 8g~j; -
~ 

nto1)0 du 
~~~~ 

— (k 0÷ + k0) 8u << 1

which reduces to

~ L k 0
2

<< 1. (22)

The L
2 dependence in (22) is due to the dependence of the perturbed density on length. The

density modulations on the beam can be shown to increase as z2 in our present limit.

It will be necessary to obtain the difference between the phase velocity of the ponderomo-

tive wave and the axial electron velocity when deriving the saturation efficiency in Section V.

From the definition of 9~, this velocity difference is simply

W 
_____— !~0 — ~~~~ ‘ — 

~~~0 
— 2 (23)

k~ + k0 ‘Y :OL k0
where k~÷ ~~ 2v ?~ k0 >> k0 and the value of 9~ extends from 0 to ~~—3 for the domain of

maximum positive gain.

IV. HIGH GAIN LIMIT

In contrast to the first cue we now consider the long cavity limit where the excited field

amplitude spatially exponentiates several times within the interaction region. Under these con-

dition s the terms conta ining the boundary conditions at z — 0 can be neglected i.e.,

10
—- -— —-—~~~~~~~~~~~ -- --- -— —~~~~~~~--—- — • . - -  --— .— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~
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3(0) << 3 (z)  and 2 (0) << 2(z) . We assume that conditions appropriate to a cold beam are

satisfied , hence g0(u) — (ui/u) b(u — u0); we shall return to this point Later. The potentials

can be represented by

3( z)  — 3(O) e’~ - - 
- • 

- - ~.
- • (24a)

2(z) — A (0) eIk 4 z (24b)

where k — k ,. + k0 and k.,. is complex. Substituting the potentials represented by (24) into Eqs

(14), in conjunction with the cold beam assumption, and making use of the wave equat ions

(15) we obtain the following dispersion relation for w and k

D (w , k — k0) ( (cii — v20k) 2 — w~/(~
,
~~y0)) — ....! D(w. k) (25)

21. C o

where D(w , k) — ~~~~~~~~~ C2k 2 — w~/~ 0, ~~ — y(u0), ~~ — v~(u.) and y~ — v2(u0). The elec-

tromagnetic wave approximately satisfies the dispersion relation D (w, k~ — k — k0) 
~~ 0, 

4
hence, we can replace D(oi. k)  on the right hand side of (25) by — 2kk 0c2. Also, since

-
• k ,. w/C we approximate D(~~~, k÷) by —2c 2k +(k + — (a,2 — v4/~ 0)~ 2/c). The dispersion rela-

lion can now be put into the simple form

(k — (K + k0)) (k — (
~I”~ + it)) (k — (~ /v~ 

— it)) 

~ 
— j-- k0. (26)

where

K — (
~~~

2 — w 2/y )~ 2/c -

K W~/(P~~ v2~, v~ ) . - - -

a2 _ (f 1 ,/ck0) 2 (4/(y~v~)) — (~~ft~~1k~~
)2 . 

-

11
—.. a~~~~~~~~~~~~~~ •••~~ 

_______
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and 

— O./(~~ ,‘~k0) .

Further simplification of (26) is obtained by setting

k — w/ v 20 + it + 8k (27)

where 8k is in general complex and ~6 k I <<k  Since v~, ~~ c and oi >> ~~~~~ we find that

K ~~~ 
— 

~~
2k0/(4~~~~), it ~ ~k0/~~ so that (26) reduces to

8k(8k + 2~~k.I,~~ ) (8k — Ak) — —a2k./2 (28)

where Ak — k~ 
— ./(2cy~,) is a mismatch parameter. At this point it is convenient to evaluate

the difference between the phase velocity of the longitudinal wave and the initial axial beam

velocity in the high gain limit. This velocity difference is given by

P,a — Y ~,E —A v — a , / R e ( k ) — Yz,,

— 
—(.c - + Re (8k)) c (29)

2~~~ , k,

where we have used the expression for k in (27). The expression for A, in (29) wIll be used

later to obtain an estimate for the saturation efficiency and maximum radiation field. We now

discern two important limits of the dispersion relation (8).

a) Weak Pump Limit

For a pump magnetic field amplitude such that $~ < < f l , ,  ~ 4(livL) ”2 the space

charge potential dominates the ponderomotive potential and collective effects are important. ’4

12 1
- -

~~~~~

-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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That is, in this case the electron susceptibility 
~ 

— —(a, — v..,kY2 w~/ (y .~.v.; ) is approximately

—1 and the electrostatic wave is nearly an eigenmode of the system. This regime of scattering

corresponds to setting I ak I << 2~k1,/ y .~, in the dispersion relation (28), which becomes

- - 
- - bk(ôk — A k)  — —a 2y:o/(4f) 

- 
(30)

with the growing root given by

8k — ± f — ( Ak )2 . (31)

Thetcondition for instability is clearly a2y ..0/~ > (A k) 2  and the maximum spatial growth rate

occurs when Ak — 0 and is -

rmi, ~~—Im-(8k) mi, — 
f $0±~f~~~k~, (32)

Using (32) we see that the condition ~8 k I ~~< ~~~~~~~ is equivalent to the weak pump condi-

tion , i.e., ~~ <<$,l l. In this FEL regime we find that

~~~ A - .

(~k0Iy21, + A k/2 )v,,,, — v 20 — — A v — —  
i 2~~ 

c (33)
120 0

where (31) has been used for Re(8k), and Ak- ~~~~~~~~~~~~

b) Strong Pump Limit 
-

In this regime the pump magnetic field amplitude is sufficiently strong to satisfy the in-

equality fl~ >> $~~~~, 
m4(~/)~,)’/2 The ponderomotive potential, which is prop ortional to the

pump amplitude , completely dominates the space charge potential in the strong pump regime’4

and ~~ << 1. This is a single particle scattering regime where collective effects are negligible.

13 
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For $~ >> $~,,, we neglect 2~kJ y 20 compared with 8* in (28) and the dispersion relation be-

comes 
-

(8k) 2 (6k — Ak)  — —a2k,/2 . (34)

The maximum spatial linear growth rate occurs for exact frequency matching, i.e., Ak — 0, and

is given by

— j~~.(~fluj )2/3 k,,. (35)

while at this frequency Re(lk) — (
~~$0~

)213k./2’13. The real part of 1k, which is a function of

8k, has the maximum value Re(lk) m, — (~~$,,~~)
213k0 when Ak — f(~ fl .j) 2/3ke. The velocity

difference in (29) also attains its maximum value when Re(8k) — Re(8k)~~ which is the point

where the growth rate vanishes. As we shall see in the next section, the energy extraction is

proportional to Lv, and hence the maximum efficiency is attained close to the point of vanish-

ing growth rate.

V. SATUkAT ION LEVELS

To obtain estimates for the saturation levels in the different FEL regimes we resort to ar-

guments based on electron trapping. ’4 In the cold beam limit , we assume that saturation occurs

when the beam electrons become trapped in the total longitudinal wave, i.e., space charge plus

ponderomotive potential. The difference between the longitudinal wave phase velocity and the

axial electron velocity is Init ially v~ — — —A v, where the difference & v is greater than zero

for instability and depends on the particular FEL regime as well the frequency mismatch param-

eter Ak tue Eq. (32)1. Assuming all the particles to be deeply trapped , we

14 
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may estimate that at saturation v,~, 
-
— v~~,, 81’ where v~ , is the average axial electrOn veloci-

ty at saturation and vs,, is assumed to remain fixed. The. maximum decrease in the axial beam

veloctty Is —28v, corresponding to a change of particle kinetic energy by -an amount
- 

- 

~ EK.E ~ 
—‘ — I _ .,, (2Av) m 0c2 

-
-

— — 2y 0 
~~~~ 

m0 v~, A v. (36)
The energy conversion efficiency is, therefore,

___________ 2— 2 2120 A v/c. (37)(y , — 1 ) m 0c
Similar arguments have been used to obtain good estimates for efficiency in two-steam interac-

tion processes.33 The vector potential at saturation , z — z~,,,, can be found by applying the con-

servation law for total energy flux. The result is

• 
IA ( z _ z

~M_ f I A ( z _ o I � +(.~~j  
r n c2 12 1hI2 

(38)

In the low gain FEL limit , described in section Iii, the efficiency which is given by Eq.

(37) together with Eq. (23) is 
—

2G~— 

~~~i~~~~
’

for the highest gain band, 9~ ranges from 0 to -3. The maximum gain occurs when 9~ — -1.3

and is given in Eq. (21). The amplitude of the vector potential at saturation is

- 4A(z z,~,, —L)~~~(A(z—O)f (1 + G L ). - 
(40)

Comparing (38) with (40) we find that the input signal needed to cause saturation at z — L is

12 (0) 1 
(f!

~~~ 

n,c
2 J 

~~/ 
(41)

with GL given by- Eq. (21-). . 
- - - 

—
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In the high gain, weak pump FEL regime discussed in section IV~, the efficiency- is -

- 
- — (

~/ y ~ + Lk/(2kj) - - 
- (42) •

where we have used Eq. (33) in conjunction with (31), ~otiflg that the mismatch parameter i*

Ak ç ,.J ~ $~ k,. Equation (42) is valid in the high gain, weak pump parameter regime and

hence, the second term is somewhat smaller than the first. The amplitude of the vector poten-

tial at saturation in this case is

— ~ Yo m0c2 
1/2IA (z — z201) I  j t  Tel “ ‘ (‘~

where Eq. (38) was used together with the condition IA (z — z201) I >> I A (0)1.

Finally, we consider the high gain-strong pump case. The ófficiency, using Eqs. (29) and

(37), is given by

- 

— 
Re(8k) 

+ .~j  
, (44)IC, 120

where Ite(lk) ( ~~~~~~~~~~~~~ 

- 

the equality holding where the spatial growth rate vanishes.

When the growth rate is maximum (see Eq. (35)) the efficiency is

— 2~
1
~(E$,j)~

/
~’ + ~I7a (45)

The second term in (44) is small compared to the first in th~ strong pump limit. The saturated

value of the vector potential is given by Eq. (43) together with (45).

VI. GROWTH RATE (GAIN) VS. B~ FOR FIXED OUTPUT FRE QUENCY

It Is of interest to determine the scaling laws for the growth rate (or total gain) and

eff iciency, (or a fixed output f requency, aj a function of the magnetic pump amplitude 1,. To

obtain these scaling laws for a fi xed output frequency w — 2p~,ck,, i.•., flud p20 and k~, we

note that the total gamma can be written as

16
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- - - - ‘V., — 1:o(1 + (ic J B,,/ ’n,,c2 k,,) 2)1/2 (46)
Therefore, when 8,, approaches and becomes larger than the critical magnetic field amplitude,

B,,,, — (m ,,c 2/ i e J )  IC,, — (l O. 6/I tcrn)) kG - (47)
the ax ial gamma, 1:,. becomes significantly smaller than the total gamma y,,. For fIxed y,,  and

k,, when B,, ~< B,,,, the total gamma is nearly equal to y,,; when B,, >> 8,~~,, however,

‘V.. y.,,8,,/B,,,,. -

In the low gain FEL regime, Eq. (2 1) shows that the maximun~ total gai n is proportional

to B! for 8,, << B,~, and falls off as B,~~’ for 8,, >> 8,.~,. The efficiency given in Eq. (39) is

independent of the pump magnetic field amplitude for fixed y , ,  and k,,.

In the high gain-weak pump FEL case the maximum spatial growth rate , see Eq. (32), is

proportional to B~, for B,, << B~, and decreases as B,, ”4 for B,, >> B~,,,. The efficiency on

the other hand , see Eq. (42) is independent of B,, for B,, << B,,,, and falls off as g,, I~’2 for

B,, >> B,.,,,. For the high gain-strong pump case Eqs. (35) and (45) shows that for B,, << 8,,,,
both the maximum growth rate and efficiency increase as ~~~~ whereas for B,, >> B,.,,, both the - ;

growth rate and efficiency fall off as ~~~~~~

These scaling laws for fixed output frequency indicate that for all the FEL regimes which

have been considered , the optimal magnetic pump amplitude is one where 8,, 8,.,,,.

VIJ . DISCUSSION

(a) Energy Shear

In the preceding formulation of FELs, we have neglected any effects of energy shear

across the beam. Such a shear arises owing to the sell’ electrostatic potential drop within the

beam. This leads to a radial dependence of the beam kinetic energy in the equilibrium slate.

~~~~~~~~~~~~~~~~~~~~~~~~~~ & - ... -~ —- -‘_——_,‘-  - 
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The energy shear results in a shear in the axial equilibrium velocity across the beam and , there-

fore, is equivalent to a beam temperature. For an axially propagating beam of radius r,, the

effective beam temperature is of order

2 . 
-

-

£E ~~~I e iA~~— 2
where &Ø is the self potential drop across the beam from r — 0 to r — r,, and E,, “(yo —I ) m,,c2

is the kinetic energy of the electrons. A necessary condition for the validity of the cold beam

approximation , in all the FEL regimes which have been considered, is

AE/ E,, << it. - - -

This inequality may be invalid at sufficienily high beam densities.

A more refined analysis taking account of the energy shear should also consider the radial

gradient of the pump field , which is necessary to satisfy V B,, — V x B,, — 0. The radial

dependence of the pump produces a shear in the eqiulibrium transverse velocity which will tend

to compensate for the shear in axial velocity due to self field effects. Other possible approaches

which may be considered to eliminate the axial velocity shear include (i) establishing Bri llouin

flow in the beam by applying an axial magnetic field or (ii) creating the beam on a non-

equipotential surface so that the applied p otential shear jus t cancels out the self potential shear.

In the following example self-field effects will be neglected.

(b) Two Stage FEL

As an illustration of a rar infrared radiation source we consider a two-stage FEL generator .

In a two-stage FEL, two consecutive and distinct scattering processes take place within a single ‘ 
-

electron beam. The output radiation from the first stage, in which the pump is a circulaily po-

larized Static magnetic field, is reflected back on the beam and used as the pump wave in the

_______  ~~~~ ~~~~~~~ ... 
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second stage. This configuration is schematically depicted in Fig. (2). The fin4l wavelength of

the output radiation , from the second stage is ~ I/ 8y 4 instead of I/2v 2 as would be the case

- in a single stage device. Hence, in a two stage FEL, far shorter output wavelengths can be real-

ized for the same electron beam energy. The pump field in the second stage is a circularly po-

larized electromagnetic wave and not a circularly polarized static magnetic field as in Eq. ( 1).

Our results for a magnetic pump, however, also apply to a circularly polarizated electromagnetic

pump if the electron beam is highly relativistic. To see this we note that in the beam frame,

the two pump waves are equivalent if we set 81)2 — 2E 1 (z — z~,) and k02 — 2k.,. 1 where 802 and

k,,2 is the magnetic field amplitude and wavenumbe r of the equivalent magnetic pump in the

second stage and E 1 (z — z.,,,) and k ÷1 is the saturated electric field amplitude and wavenumber

of the reflected output radiation from the first stage. The relevant parameters for this example

are contained in Table I. The results outlined in Table I demonstrate that in principle a rather

low energy electron beam (E,, — 3MeV) is necessary to generate far infrared radiation using a 2

cm wavelength magnetic pump. The radiition to beam power efficiency of 0.085% may be

greatly enhanced by adiabatically varying the longitudinal wavelength of the electromagnetic

pump in the second stage. Contouring the pump period for the purpose of enhancing efficiency

has been suggested in Ref. (14).

Recent non-linear calculations have shown that efficiency enhancement factors greater

than 100 can be achieved by varying the wavelength of the static magnetic pump field. M In the

case of an electromagnetic pump the axial wavelength may be contoured by varying the
• waveguide wall radius. Work is now underway at the Naval Research Laboratory to fully evalu-

ate this approach.
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Table I — Illustration of a- Far~Infrared (A — 2am)
Two Stage FEL

Electron Beani

• Energy : E0 — 3 MeV (yo — 7) , Current: I o — 10 kA , Radius:-,0 0.3 cm. —

_____________________ First Stage Second Stage
Pump Amplitude Bo~ 5 kG B02 — 2E, (z — zc,,) — 15.7 kG
Pump Wavelength — 2 cm ‘02 — A 112 — 0.019 cm
Longitudinal Gamma V: 5 !  7:2 — ‘~ 

-- Beam Strength Parameter — 0.61 — ~~/(4~~2,) — 5.9 x 10~
Transverse Velocity — 0.135 — 0.4 x 10.2
Critical Velocity — 0.27 $,-,i, 2 — 1 .65 x 10_2
Output Wavelength A 1 — 0.038 cm A 2 — 2.0 g~m
Spatial Growth Rate r ,,,,,,. , — 0.37 cm ’ - r ,~0~2 — 0.13 cm ’ -

Efficiency — 12% — 0.085%
Output Power P01 — 3.6 GW P02 — 25 MW

H

H 21 
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FEL CONFIGURATION

OUTPUT RADIATION

E -BEAM w = 2 7 0 ck 0 , k 4 wk , ~0~~2y/~

I VV1JIJt__iri...

4 1 1 1  4 f  H 4
~ STATIC CIRCULAR LY POLARI ZED

MAGNET IC PUMP

Figure I — Schematic of the free electron laser model. The adiabatic build.up of the pump field is
not shown , and occurs to the left of the figures whe re the unmod ulated beam enters.

SCHEMATIC OF A TWO STAGE FEL -;

2nd STAGE lit STAGE
—I

OUTPUT- . REFLECTOR
RADIATION ~\ A2

WV\r~
E-BEAM

A 1 A 1

STATIC MAGNETIC
EM PUMP PUMP

Figure 2 — Schematic of the Iwo-sta ge free electron laser concept. The electron beam enters at
left. Radiation scattered at wavelength A ( from the stat ic magnet ic pump of wavelength I In the
first stage Is reflected 10 act as an electromagnetic pump in the second stage. The final scattered ra.
diation is at wavelen gth A 2—— 11(5 ~~~~~~
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